MINIMALITY, (WEIGHTED) INTERPOLATION IN 
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Abstract. It is well known from a result by Shapiro-Shields that 
in the Hardy spaces, a sequence of reproducing kernels is uniformly 
minimal if and only if it is an unconditional basis in its span. This 
property which can be reformulated in terms of interpolation and 
so-called weak interpolation is not true in Paley- Wiener spaces in 
general. Here we show that the Carleson condition on a sequence 
A together with minimality in Paley- Wiener spaces PWI^ of the as- 
sociated sequence of reproducing kernels implies the interpolation 
property of A in PW^^^, for every e > 0. With the same tech- 
nics, using a result of McPhail, we prove a similary result about 
minimlity and weighted interpolation in PW^j^^.. We apply the re- 
sults to control theory, establishing that, under some hypotheses, 
a certain weak type of controllability in time r > implies exact 
controllability in time t + e, for every e > 0. 



Let X be a Banach space. A sequence {0n}„>i of vectors of X is 
said to be minimal in X if ^ \/k=in 't'k '■= span"^ {(f)k : k ^ n), n > 1, 
and uniformly minimal if moreover 



It is well known (see e.g. |Ni02at p. 93]) that minimality of {0n}„>i in 
X is equivalent to the existence of a sequence {V'n}„>i C X* such that 
{4'n,'ipk) = Snk dJid the minimality is said uniform if and only if 



n>l 

We consider the case where X is a Banach space of analytic functions 
on a domain Q. Let A = {A„}„>^ be a sequence of complex numbers 
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lying in fi. We use the terminology minimal also for the sequence A if 
there exists a sequence of functions {fn)n>i of X such that 

fn{^k) = 5nk, n, /C>1, 

and we say that A is a weak interpolating sequence in X, which is 
denoted by A G Int^, (X), if there exists a sequence of functions {fn)n>i 
of X such that 

(1.3) /n (Afc) = ^nfe II^A^IIx* ' ^ > 1' and sup ||/„|| < CX). 

n>l 

When X is reflexive, this is equivalent to the fact that /C(A) is uniformly 
minimal in X* . Such a sequence A could also be called a uniformly 
minimal sequence in X but we prefer to keep the existing terminology 
of weak interpolating sequence. 

In the case where X = (C^), 1 < p < oo, the Hardy space of the 
half-plane C^, we can identify 

and it is known that the reproducing kernel at A G is given by 
kx„ (z) = ^ {z — A„) . We have the estimate 

II^Aj|jf,(c±) - |Im(A„) -app . 

From factorization in Hardy spaces, it can be deduced that the condi- 
tion (ll.3p is equivalent to the so-called Carleson condition 

An, — Aj. 



:i.4) inf„>i w 

k^n 



A„ - Afc - 2ia 



> 0, 



and by the above observations, this is equivalent to /C(A) being uni- 
formly minimal in H'^ (C^). 

In this paper, the spaces X that we consider will only be the Hardy 
spaces HP (C^) or the Paley- Wiener spaces PW^ to be defined later. 

We say that A is an interpolating sequence for X = (C^) or PW^, 
which is denoted by A G Int (X), if for each sequence a = (an)„>i £ 
there is a fonction / G X such that 

(1-5) f i>^n) = an\\kxj\x* , n>l, 

and a complete interpolating sequence for X (A G Int^ (X)) if the func- 
tion satisfying ( II. 5p is unique. We will give the explicit formula of kx^ 
for PW^ and an estimate of ||A;a„ llpvi/? in the next section. 

A famous result by Shapiro and Shields ( jSS61] ) states that in (C^), 
the Carleson condition ( II. 4p for a sequence A is equivalent to the in- 
terpolation property of A. It is also known that A G Int {H^ (C^)) 
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if and only if /C (A) is an unconditional basis (or, for p = 2, a Riesz 
basis) in its span in (C^). We refer to |Ni02b[ Section C, Chapter 
3] for definitions and details. It appears that in the Hardy spaces, the 
uniformly minimal sequences are exactly the unconditional sequences. 

This property of equivalence between uniform minimality and uncon- 
ditionnality is not isolated. It turns out to be true in the Bergmann 
space ( |ScS98| ). in the Fock spaces and in the Paley Wiener spaces for 
certain values of p ( |ScSO O]). 

In |AH10] . the authors show that uniform minimality implies uncon- 
ditionality in a bigger space for certain backward shift invariant spaces 
K^j := n IHq (considered here on the unit circle T) for which the 
Paley- Wiener spaces are a particular case. We will use here a different 
approach to obtain a stronger result. More precisely, considering the 
unit disk, the authors of that paper increase the size of the space in 
two directions: Kj, where s < p and J is an inner multiple of /. In our 
situation of the Paley- Wiener space PW^, which is isometric to Kf-r, 
= exp {2t{z + 1)/{z — 1)) for 2; G D, we still increase the size of 
the space by taking an inner multiple of Jp but we keep the same p. 

We have already mentioned that A is an interpolating sequence for 
the Hardy space H^, 1 < p < 00, if and only if the sequence /C(A) is 
an unconditional basis in its span in H'^ (see e.g. |Ni02b| or |Se04] ). 
Hence, the result of Shapiro and Sheilds implies that weak interpola- 
tion is equivalent to interpolation in Hardy spaces. A characterization 
of complete interpolating sequences in PW^ obtained by Lyubarskii 
and Seip ( |LS97j ) (involing in particular Carleson's condition and the 
Muckenhoupt (Ap) condition on the generating function of A) implies 
that Paley- Wiener spaces do not have this property. 

Indeed, as shown in [ScSOOj . the sequence A = {A„ : n G Z} defined 

by 

Ao = 0, An = n+ ^ \ , n€Z\{0}, 
2 max [p, q) 

is weak interpolating in PW^ and complete, but does not satisfy the 
conditions of Lyubarskii-Seip's result, and so, A is not a (complete) 
interpolating sequence in PW^. Nevertheless, as we will discuss in 
Subsection 12. ![ a density argument (see |Se95] ) allows to show that 
this sequence is actually an interpolating sequence in a bigger space, 
i.e. in PW^_^_^, for arbitrary e > 0. This is a special case of the main 
result of this paper. 

Theorem 1. Let r>0, l<p<oo and A be a minimal sequence in 
PW^ such that for every a G M, AflC^ satisfies the Carleson condition 
([i.^|). Then, for every e > 0, A is an interpolating sequence in PW^,^. 
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It should be emphasized that surprisingly, we do not need to require 
uniform minimality here. The Carleson condition allows in a way to 
compensate this lack of uniformity. As a consequence of this result, we 
will see that if A G Int^ (PWp), then, for every e > 0, A G Int {PW^^J. 

Finally, we recall that a positive measure a on some half-plane 
is called a Carleson measure in if 

(1.6) sup ; < OO, 

Q h 

where the supremum is taken over all the squares Q of the form 

Q = = X + iy E : Xq < x < Xq + h, \y — a\ < , 

for Xo G M and h > 0. It is well known from a result of Carleson (see 
e.g. [GaSTl pp. 61 and 278]) that (1) (2) ^ (3), where 

(1) The sequence A = {A„: n > 1} C satisfies the Carleson 
condition (II. 4p : 

(2) The measure 

cta := ^ |Im (A„) - a\ 5^ 



n>l 



is a Carleson measure in C^; 
(3) For every f e HP (Ct), 



I i/r^^A<ii/ii^ 



It is also known that (2) or (3) together with the uniform pseudo- 
hyperbolic separation of A in C^, which is 



^1.7) inf 



An Am 



> 0, 



An ^ Am — "^ici 

imply (1). Moreover, if A lies in a strip of finite width, i.e. M : = 
sup„ |Im (An) I < OO, the Carleson condition (ll.4p in C^2M equivalent 
to the uniform separation condition 



[1.8) inf |A„ - Ami > 



which is, in this case, equivalent to the uniform pseudo-hyperbolic sep- 
aration since the pseudo-hyperbolic metric defined in C^2Af t>y 

A — /i 



p(A,^) 



A - /I - 2iM 

is locally equivalent to the euclidian distance. 

This paper is organized as follows. The next section will be devoted 
to interpolation in Paley- Wiener spaces. After having recalled some 
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properties of these spaces, we discuss links between density and inter- 
polation (in the case of the sequence A lying in a strip of finite width) 
and prove our main result and some consequences. 

In the third section, we define and discuss weighted interpolation. In- 
deed, after having defined weighted interpolation in Hardy and Paley- 
Wiener spaces, we use a result of McPhail ( |McP90] ) characterizing the 
weighted interpolation sequences in (C^) and technics of Theorem 
[1] to prove that a minimal sequence in PW^ such that its intersec- 
tion with every half-plane satisfies the McPhail condition is a weighted 
interpolation sequence in PW^_^_^, for every e > 0. 

This theorem will be used in the fourth and last section where we 
consider controllability of linear differential systems, establishing a link 
between exact and a certain weak type of controllability. 

2. Interpolation in Paley- Wiener Spaces 

We begin by recalling some facts about Paley- Wiener spaces. For 
r > 0, the Paley- Wiener space PWIj^ consists of all entire functions of 
exponential type at most r satisfying 



\fit)fdt <oo. 



A result, known as Plancherel-Polya inequality (see e.g. |Le96] or |Se04t 
p.95]) states that if / e PW^, then 

/ + 00 
\f{x + zy)\^dx<e^^^y\ ll/IIJ. 
-oo 

In particular, it follows that for every / G PW^, z i— )■ e^^'^^f{z) belongs 
to (C^), with same norm as /. It also follows that translation is an 
isomorphism from PW^ into itself. 

Using Cauchy's formula and Cauchy's theorem in an appropriate 
way, we see that 

t{z-\) 

is the reproducing kernel of PWIj! associated to A and we obtain the 
norm estimate 

l|fcA||pvK.'^(l + IMA)|)-'e-l^-WI. 

This implies a useful pointwise estimate; recalling that for ^ + ^ = 1, 

{PW^Y PW^, we deduce that there exists a constant C = C{p) 
such that for every / G PW^, we have 

(2.2) |/(z)|<C||/L (l + |Im(^)|)-ie-l^-(^)l, z E C. 
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The Paley- Wiener theorem states that 

L2(0, 2r) ~ J^L^{-T, r) = PW^, 
where T denotes the Fourier transform 

J^(j){z) = J (t){t)e-'''dt. 

Hence, another approach to interpolation problems in PW^ is to con- 
sider geometric properties of exponentials in L^(0,2r), which is a fa- 
mous problem with several applications, see e.g. |HNP81] or |AI95] . 

From the definitions given previously, a sequence A is interpolating 
in PW^ if, for every sequence a = (an)„>i £ it is possible to find a 
function / G PW^ such that 

(2.3) /(A„)(l+|Im(A„)|)'e-^li'"("")l=a„, n > 1. 

The condition of weak interpolation for A in PW^ can be reformu- 
lated as the existence of a sequence of functions {fn)n>i PW^ such 
that 

/„ (Afe) (1 + |Im (A„)|)^; e-^'i-("")l = 6nk, n > 1, 

and sup„>i ||/„|| < oo. 

In particular, if A G Int^„ {PW^), then the Plancherel-Polya in- 
equality (12. ip implies that the sequence (e^*'^'/„),^>-|^is in (C^)j with 
uniform control of the norm. So, it is easy to see that A fl G 
Int^ (^HP (C^_j_^)), for every i] > 0, and hence satisfies the Carleson 
condition in the corresponding half-plane, in view of Shapiro-Shields 's 
theorem. Moreover, we can affirm that the sequence 

Aa,rj := A n {2; G C : < |Im(2;) - a\ < 2r]} 

is uniformly separated, in view of the discussion in the end of the 
previous section. These two observations imply the following result 
(for more details, see [Gaull] ). 

Proposition 2. If A is a weak interpolating sequence in PW^, then, 
for every a G M, the sequence A fl satisfies the Carleson condition 

a- 

2.1. Upper Uniform Density and Interpolation. In this subsec- 
tion, we assume that the sequence A satisfies 

(2.4) M := sup |Im(A„)| < 00, 

n>l 
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which means that A hes in a strip of finite width parallel to the real 
axis. We define the upper uniform density by 



where 



(r) 

VX := lim . 



n\ (r) := sup |Re (A) fl [x, x + r] 



counting multiplicities. 

The reader would have remembered that, from previous remarks, 
Proposition [2] implies that a weak interpolating sequence in a Paley- 
Wiener space PW^ satisfies the uniform separation condition. 

The next theorem is stated as follows in a paper of Seip ( |Se95[ 
Theorem 2.2]) the proof of which is based on a more general result by 
Beurling ([Be89j). 

Theorem 3. (^ |Se95| ) Let K he a sequence satisfying l[2.4\) - 

If A is uniformly separated and < ^ , then A G Int{PW^). Con- 
versely, if A E Int{PW^) , then, A is necessarily uniformly separated 
and Vi < ^. 

Corollary 4. The sequence A = {A„ : n E Z} defined by 

siqnin) 

\^ = Q et\n = n+ ^ ^ ) \ , n^O, 
2 max [p, q) 

is interpolating in PW^^^, for every e > 0. 

Proof. We have already mentioned that this sequence is uniformly min- 
imal. The uniform separation condition is obvious. Its upper uniform 
density is clearly equal to 1. The Corollary now follows from Theorem 

m □ 

2.2. Proof of Main Result. We recall our main theorem, previously 
stated in the first section. 

Theorem. (Theorem\T\) Let r>0, l<p<oo and A he a minimal se- 
quence in PW^ such that for every a G M, AflC^ satisfies the Carleson 
condition \l-4\j - Then, for every e > 0, A is an interpolating sequence 
m PW^+,. 

Proof. Using an idea of Beurling, let e > be fixed and (p^ G C°°, 
with compact support contained in (— |, |), be such that := cJ^cj)^ 
satisfies H^{0) = 1. In particular, the Paley- Wiener theorem implies 
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that is an entire function of exponential type e. Moreover, since 0^ 
belongs to the Schwarz class (and in particular is C^), we have t 

\H,{x)\<-^ xeR. 
1 + \x\ 

Now, from a a Phragmen-Lindelf principle (see e.g. |Le96l p. 39]), we 
can deduce that 

pe\lm(z)\ 

1 + \z\ 

On the other hand, since A is minimal in PW^, there exists a se- 
quence of functions {f\)x^A C PW^ such that fn{^k) = ^nk- Let 
a = {.o,n)n>i be a finitely supported sequence and / be the solution 
of the interpolation problem 

/(An) = an, n> 1, 

defined by 

(Notice that / is a finite sum of functions belonging to PW^_^_^.) From 
(12. 3p . it suffices to bound the quantity 

mi{\\f-g\l: g E PW?^,, g{\) = 0, A G a} 

by a constant times the following norm of a 



5^|a,r(l + |Im(A)|)e-^ 



p(T+e)|Im(A)| 



We split the above sum in two parts: /"*" and /~ corresponding respec- 
tively to A^ := A n (C"*" U R) and A n C~, and estimate each part sepa- 
rately. Here, we will only estimate the first one, the method is the same 
for the second one. Let t] > Ohe such that {Im (z) = — r^jflA = 0. The 
Plancherel-Polya inequality allows us to estimate the norm of — ■, 
g^ G PWf+e and g^\K = 0, on the axis {Im (2;) = —rj}. We consider 
the Blaschke product associated to Al^, in the half-plane Cl^ 

with suitable unimodular coefficients c\^. For An G Aq , we consider 
the function 



G\^,e : Z\-> {Z- Xn) {Z - An) /n {z) € 



i(T+e)z 
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which belongs to (Ct^) (this follows from (EI]), 022]) and 
and vanishes on At^ (it actually vanishes on A). We recall that Al^ 
satisfies the Carleson condition in C^„. Also, the function -.= 
G\^^e/B^ri belongs to H°° (Cj]^). Let be the Blaschke product 
associated to Al^ (in Cl^). Observe that 



inf 



inf 



A„eA+ 



An ,e 
Z — \n 



9o 



with 



and 



Y ■=Hln B_r, {K^.+. n r+'B-Hl) c u 

By duality arguments inspired by Shapiro and Shields (see |SS61i p. 
516] and |Gaull] where we consider the bilinear form (/, g) := fg, 

for /, (yf G (M — it])), and because 

Y^(-'-'> = Hl + Z 
where Z is such that, for every h & Z, we have 



/ 



ttn — ^^T^ 1 hdm = 0, 



' Z — Xr 



-'"^ \A„GA+ 

it is enough to estimate 

sup {N{h) : heH" (C^ J 

where 



1} 



N(h) :-- 



I. 



An ,e 
2; — An, 



hdm 



a; - (A„ + ir/) 



Now, z I— )■ ^ {z — irf) h{z — if]) is a function in //^ and the Cauchy 
formula gives 



N{h) 



^ flnC",^,, (A„ + - it]) h (Xn + ii] - ii]) 
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Moreover, since Aq satisfies the Carleson condition in Cl^ , we have 
(An) X 1 and since /a„ (A„) if^ (0) = 1, we can estimate 

\Gl^^ (A„)| X (Im (AO + V) e-(-+^)i-(^"), A„ G A+. 
It follows from the triangle inequality and Hlder's inequality that 



N{h) < Yl l«nr(l + Im(A„))e-^(- 



+e)Im(A„) 







X 



Im (A„ + if]) h (A„ + ir]) 



where h = h{- — irj) E . Now, the Carleson condition satisfied by 
Aq + ir] in C+ gives 



Y Im (A„ + irj) h (A^ + irj) ' \ < \\h\\ = 1. 
^a„gaJ 

See (II. 6p and properties mentioned thereafter. Finally, we obtain 

inf : gePW^^,, g\A = 0} 



< Yl l«nr(l + Im(AO)e- 



-p(T+e)Im(A„) 



^AnSAj 



which is the required estimate and ends the proof. 



□ 



To conclude this section, we give two immediate corollaries to our 
main theorem. First, since, by Proposition [21 a weak interpolating 
sequence in PW^ has to satisfy the Carleson condition in every half- 
plane C^, we can deduce the following result. 

Corollary 5. If A E Int^ (PW^), then, for every e > 0, A is interpo- 
lating in PW^^^. 

We also give a result involving density conditions as a second corol- 
lary to our main result, which does not seem easy to prove directly. 

Corollary 6. Let A satisfying ( [^.-^[ j be a weak interpolating sequence 
m PWP Then, I?t < - . 
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Proof. It follows from Theorem [T] that A is interpolating in PW^_^_^, for 
every e > 0. Thus, Theorem [3] implies that < — , for every e > 0, 
thus < -. ^ □ 

3. Weighted Interpolation and McPhail's Condition 

The previous technics can be used to show a more general result. We 
need to introduce some more definitions. Let X be the Hardy space 
HP (C^) or the Paley-Wiener space PW^, A = {Xn}n>i ^ sequence 
of complex numbers lying in the corresponding domain or C and 
oj = {u!n)n>i ^ sequence of strictly positive numbers. We say that A 
is u —interpolating in X if for every (an)„>i ^ there is / G X such 
that 

(3.1) Wn/(A„) = fln, n> 1. 

The reader has noticed that the previous definition of interpolation in 
X is equivalent to cu— interpolation in X, with 

= ||^A„|lx* ' n > 1. 

Let A C C^. In this section, the sequence A is a priori not a Carleson 
sequence. We only assume the Blaschke condition 

|Im (An) — a\ 

12 



(3-2) Y.— 



n>l -+\^r 



< OO. 



We set 



A„ - Afc - 2ia 



n>l. 



The couple (A, u) is said to satisfy the McPhail condition (Mg), denoted 
(A,Ci;) G (Mg), if the measure 

.ooN „ \^ |Im(An) -al" 

n>l 

is a Carleson measure in C^. The following theorem is a special case 
of McPhail's theorem ( |McP90] ) and is stated as follows in |JP06] . 

Theorem 7. (McPhail) 

Let 1 < p < OO, A C a sequence satisfying the Blaschke condition 
lis. 2\) anduj = {u}n)n>i be a sequence of positive numbers. The following 
assertions are equivalents. 

(i) A is u— interpolating in (C^); 

(m) (A,!^) satisfies the McPhail condition (Mg), ^ + ^ = 1. 
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Remark 8. It follows directly from McPhail's Theorem and the Plancherel- 
Polya inequality that if A C C is cu— interpolating in PW^, then for 
every a G M, we necessarily have 



The following result is a weighted version of Theorem [T] We will 
only sketch the proof which is analogous to that of our main result. 

Theorem 9. Let r > 0, 1 < p < oo, u = {uJn)n>i ^ sequence of strictly 
positive numbers and K he a minimal sequence in PW^ such that for 
every a G M, 



Then, for every e > 0, A is lo— interpolating in PWj^j^^. 

Proof. As in the proof of the main result of this paper, we fix e > 
and we take a finitely supported sequence (an)„>i- We consider the 
solution of the weighted interpolation problem fl37ip given by 



As previously, it is possible to split the sum in two parts that we 
estimate separately. In order to avoid technical details, let us assume 
here that A lies in the half-plane C^. As before, we set 



If B denotes the Blaschke product associated to A, we again write 



((AnC,±),e±-l^-Wlu;)G(M,). 



((AnC^) ,e±"l''"(^)lw) G (Mg). 



f{z) = y^^fr,{z)H,{z-K). 



Ga^,. {z) = e*(-+^)^ {z - A„) fn{z)H, {z - A„) G H[ 



with G\ 





where 




The Cauchy formula gives then 




2Im(AOI 



g-(r+e)|Im(A„)| 
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and, applying Hlder's inequality, we finally find 



1 1 



vn>l / \n>l 



By assumption, i/a,^,, with co = (u;„,e''^'^'^™'''^"-") (we recall that z/a.w is 
defined by (13.31) ) is a Carleson measure in C"*" and so 



1 



^ |Im(A„)|^ gV ^ _ 

vn>l / 

Since 

g-ge|Im(A„)| ^ 

we obtain 

sup|iV(/i): he HI, ||/i||, = l} <||a||,p, 
which permits us to end the proof. □ 



Remark 10. As we have seen in the previous section, the weak inter- 
polation of a sequence A in PW^ implies the interpolation property 
on A in PW^^^, which follows from the fact that a uniformly minimal 
sequence A in the Hardy space is an interpolating sequence in the same 
space. We wonder if we could have an analog result in the weighted 
case. More precisely, we say that the sequence A C is uniformly 
u— minimal in (C^) if there exists a sequence {fn)n>i of functions 
of HP (C^) such that 

^nfn (Afc) = 5nk 

and 

sup ||/„,|| < oo. 

n>l 

The question is to know whether a uniformly w— minimal sequence A in 
jjp is necessarily such that the couple (A, u) satisfies the McPhail 
condition (M,), l + \ = l. 

4. (Weak) Controllability of Linear Differential 

Systems 

We consider linear differential systems of the form 

x'(t) = Ax{t) + Bu{t), t>0, 
a;(0) = xo, 

where A is the generator of a Cq— semigroup (>S'(t))^>Q on a Hilbert space 
H and i? : C — t- if is an operator, called the control operator which 



(4.1) 
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we a priori do not assume bounded. We are thus interested in rank- 
1 control. We refer to |JP06t Part D] and references therein for more 
details on this terminology and on the subject. Note that those authors 
also consider unbounded control. We will assume that the semigroup 
i^it))t>o exponentially stable, i.e. there exists a > such that we 
can find M > 1 for which 

(4.2) ||5(t)|| < Me-°*, t>0. 

Controlling the system (14. ip means to act on the system by means 
of a suitable input function u. More precisely, starting from an initial 
state Xq G H, we want the system to attain in time r > the in advance 
given final state Xi = x{t). Here the solution x of (14. ip is given by 

(4.3) x{t) = S{t)xo + [ S{t-r) Bu{r)dr =: S{t)xo + BtU. 

Jo 

The operator Bt is called controllability operator and we are interested 
in the study of its range, the so-called space of reachable states. More 
precisely, we say that the system (14. ip is exactly controllable in finite 
time r > (respectively in infinite time) if for every Xq,Xi G H, 
there is m G L^(0,r) (respectively u & L? (0, oo)) such that x(0) = Xq 
and x{t) = xi (respectively \imt^oox{t) = xi) or, equivalently, if Br 
(respectively Boo '■ u ^ S{t)Bu{t)dt) is surjective. It is well known 
that a bounded compact controllability operator (and in particular a 
rank one operator) can never cover the whole space H (see |Ni02b[ p. 
215]). 

In all what follows, we will assume that the generator A admits a 
Riesz basis of (normalized) eigenvectors (0n)„>i: 

A(j)n = -Xn4>n, n > 1, 

and that the sequence of eigenvalues A := {A„}„>^ satisfies the Blaschke 
condition in the right half-plane 

Re (A, 



^1 + |AJ' 



< oo. 



n>l 



Note that by the exponential stability, A indeed lies in the right half- 
plane. The Riesz basis property gives the representation 



<x = ^a„0„ : ^ |a„| 

I n>l n>l 



(4.4) H = {x = y ] a„0„ : ") " |a„|^ < oo 



We denote by {'ipn)n>i biorthogonal family to {4>n)n>i (which also 



forms a Riesz basis of H and satisfies HV^nll ||0n|| ^ x 1). We suppose 
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that B has the following representation 

Bv = V I ^6„0n I , f e C, 

with a sequence (6n)„>i C C. Observe that B does not map C bound- 
edly in H, but it does map boundedly into some extrapolation space 
in which the sequence (0n)„>i has dense linear span: for example, we 
may define 

|2 



Hb := <X ■.= J2^n<l)n- Ml := ^ 2/1^1?. 

It appears that (14. 3 p can be written 



2y < OO 



x(r) = S{t)xq + BrU 



S{t)xo + V f 6„ r u (t) e-^-'^^-'^dt] K 

n>l ^ ^0 / 



with M := M (■ + G i)- have already introduced the 

Fourier transform J-' and we have mentioned that J-'L^ i) ~ PW?. 
Hence, if 



f:=J^u= / u{t)e-''-dt e PWl, 

It 2 

we have 

With the same method, we obtain 

BooU = ^ (png (iK)) (pn, 

where g := J-'m which belongs to from well known facts about 
Hardy spaces. Since exact controllability translates to surjectivity of 
Br or Boo, and by (14. 4p . we can reformulate exact controllability in 
terms of a weighted interpolation problem. 

Theorem 11. The following assertions are equivalent. 

(i) The system is exactly controllable in finite time r > (re- 
spectively in infinite time); 
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(ii) The sequence iA = {iXn}n>i ^■s ou— interpolating in PW?, with 
(respectively (|&n|)„>i —interpolating in H^). 

Remark 12. As a consequence, and in view of Remark |8l an exact 
controllable system (in finite time r) has necessarily to be such that 
(iA, (|6n|)„) satisfies (M2) in C"*" and hence the system has to be con- 
trollable in infinite time. 

In |Ni02bt p. 289-290], the author introduces a weaker type of con- 
trol, called control for simple oscillations, requiring that the control 
operator maps boundedly some Hilbert space U into H. As already 
mentioned above, compact (and hence finite rank) control is impossi- 
ble with such hypotheses so that we have to deal here with unbounded 
control operators B. Nevertheless, we keep the terminology of |Ni02b| 
in our situation. 

The system (14. ip is said controllable for simple oscillations in time 
r > if it is possible to find a sequence (««)„>! of functions in (0, r) 
such that 

(4.5) BrUn = (f)n, n> 1. 

Remark 13. Since 

= 6„e^5(^^")/(^A„), n > 1, 
we easily see that (14. 5 p is equivalent to the minimality of iA in PW^. 

We can now use Theorems 1^ [TT] and the previous remark to establish 
a link between control for simple oscillations at time r and exact control 
at time t + e. More precisely, we have the following result. 

Theorem 14. Under the above hypotheses, if the system is ex- 

actly controllable in infinite time (or equivalently if (iA, (l&nD^) satis- 
fies (M2) in C^j and if it is controllable for simple oscillations in time 
r > 0, then the system is exactly controllable in finite time r + e, for 
every e > 0. 
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